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Abstract
Ramamurthi proved that weak regularity is equivalent to regularity and biregularity for left
Artinian rings. We observe this result under a generalized condition. For a ring R satisfying the
ACC on right annihilators, we actually prove that if R is left weakly regular then R is biregular, and
that R is left weakly regular if and only if R is a direct sum of a finite number of simple rings. Next
we study maximality of strongly prime ideals, showing that a reduced ring R is weakly regular if and
only if R is left weakly regular if and only if R is left weakly pi -regular if and only if every strongly
prime ideal of R is maximal.
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1. Introduction
Throughout this note all rings are associative with identity. A ring R is called left
(resp. right) weakly regular if for any a ∈ R, Ra = RaRa (resp. aR = aRaR). A
weakly regular ring is a ring which is both left and right weakly regular. The concept of
weakly regular rings was introduced by Ramamurthi [20] who proved that the left weak
regularity is equivalent to regularity and biregularity for left Artinian rings [20, Proposition
14(1)]. It is well known that the (left) weak regularity is a hereditary radical property.
For a ring R the prime radical (i.e., lower nilradical), the upper nilradical, the set of
all nilpotent elements and the Jacobson radical of R are denoted by N∗(R), N∗(R), N (R)
and J (R), respectively. The ascending (resp. descending) chain condition is abbreviated
by ACC (resp. DCC). Matn(R) denotes the n by n matrix ring over a ring R, where n is
any positive integer.
Rings in which there are no infinite direct sums of nonzero left ideals are called
rings with finite left uniform dimension. A left Goldie ring is a ring of finite left
uniform dimension that satisfies ACC on left annihilators. The right cases can be defined
analogously. Ramamurthi [20, Theorem 17] proved that a left nonsingular ring with finite
left uniform dimension is left weakly regular if and only if it is a direct sum of simple rings.
In the proof of [6, Theorem 18], Camillo and Xiao also showed that if R is a left weakly
regular ring with finite right uniform dimension then R is a direct sum of a finite number
of simple rings.
We first observe left weakly regular rings satisfying ACC on right annihilators
(equivalently, DCC on left annihilators). We will show that for a ring R with ACC on
right annihilators, if R is left weakly regular then R is a ring-direct sum of simple rings. In
this case R is a biregular ring.
On the other hand, the connection between various generalizations of von Neumann
regularity and the condition that every prime ideal is maximal has been observed by many
authors (e.g., [3,8,10,12–15,24,26]). The earliest result of this type seems to be by Cohen
[10, Theorem 1]. Storrer [24] proved that if R is a commutative ring, then R is pi -regular if
and only if R/N∗(R) is regular if and only if every prime ideals of R is maximal. Fisher and
Snider extended this result to PI rings [12, Theorem 2.3], and so did Chandran to duo rings
[8, Theorem 3]. Hirano generalized Chandran’s result to right duo rings [13, Corollary
1]. Moreover this result was generalized to bounded weakly right duo rings by Yao [26,
Theorem 3]. Hong et al. [14, Theorem 7] showed that if R is a right quasi-duo ring, then R
is strongly pi -regular if and only if R is weakly pi -regular. Birkenmeier et al. [3, Corollary
9] showed that if a ring R is a 2-primal ring, then R/N∗(R) is weakly regular if and only
if R/N∗(R) is right weakly pi -regular if and only if every prime ideal of R is maximal. We
will show that R is weakly regular if and only if every strongly prime ideal of R is maximal
when R is a reduced ring; and as a corollary of this result we extend [3, Corollary 9] to a
generalization of 2-primal rings, relating to the condition that every strongly prime ideal is
maximal.
2. A decomposition theorem for some weakly regular rings
Definition 2.1. (1) A ring R is called pi -regular if for each a ∈ R there exist a positive
integer n = n(a), depending on a, and x ∈ R such that an = anxan . A pi -regular ring
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is called (von Neumann) regular when n = 1.
(2) A ring R is called left (resp. right) weakly pi -regular if for every a ∈ R there exists
a positive integer n, depending on a, such that an ∈ (Ran)2 (resp. an ∈ (anR)2). A
ring is called weakly pi -regular if it is both left and right weakly pi -regular. A left
(resp. right) weakly pi -regular ring is called left (resp. right) weakly regular when
n = 1. A weakly pi -regular ring is called weakly regular when n = 1.
(3) A ring R is called strongly pi -regular if for every a ∈ R there exist a positive integer
n, depending on a, and x ∈ R such that an = an+1x .
(4) A ring R is called biregular if RaR is generated by a central idempotent for each
a ∈ R.
Regular rings are clearly weakly regular. Weakly regular rings are semiprime (i.e.,
N∗(R) = 0). Biregular rings are weakly regular by the definition but the converse need
not be true by [20, Remark 6]. It can be easily checked that a ring R is strongly pi -regular
if and only if R satisfies the DCC on principal right ideals of the form aR ⊇ a2R ⊇ · · · for
every a ∈ R. Dischinger [11] showed that the strongly pi -regularity is left–right symmetric;
hence left or right perfect rings are strongly pi -regular.
Remark. (1) For any idempotent e of a left weakly regular ring R, eRe is also left weakly
regular.
(2) It is easy to show that every simple ring is left and right weakly regular. Hence a direct
sum of finitely many simple rings is left and right weakly regular.
(3) In the literature, left (right) weakly regular rings are also called left (right) fully
idempotent rings (cf. [1]). By [1] a left weakly regular ring need not be right weakly
regular.
Remark (2) together with [20, Theorem 1] motivates us to investigate the question of
when is a left weakly regular ring a ring-direct sum of simple rings. Our answer to this
question is the following theorem.
Theorem 2.2. Let R be a ring satisfying ACC on right annihilators. Then R is a left weakly
regular ring if and only if R is a direct sum of simple rings.
To prove this theorem we need the following lemmas. The first one is a known result [5,
Chapter 8] but we give a short proof for the sake of completeness.
Lemma 2.3. Let R be a ring such that every two-sided ideal is a ring-direct summand of
R. Then R is a direct sum of simple rings.
Proof. Let A be a maximal ideal of R. Then by hypothesis, R = A ⊕ B for some ideal B
of R. Then B is a minimal ideal of R. By Zorn’s Lemma there exists an ideal of R, say T ,
that is maximal with respect to the condition that T is a direct sum of minimal ideals of R.
By our hypothesis, R = T ⊕ S for some ideal S of R. Of course S has the same property
as R, hence if S is nonzero then S has a minimal ideal V . But T ⊕ V is a direct sum of
minimal ideals of R, a contradiction to the maximality of T . Thus S = 0. 
Lemma 2.4. Let R be a left weakly regular ring satisfying ACC on right annihilators.
Then every two-sided ideal of R is generated by a central idempotent; especially R is a
biregular ring.
568 C.Y. Hong et al. / Journal of Pure and Applied Algebra 207 (2006) 565–574
Proof. Let I be a nonzero two-sided ideal of R. Since R is left weakly regular, we have a
sequence {an}∞n=1 ⊂ I for 0 6= a ∈ I such that
a = a1a, a1 = a2a1, . . . , ak = ak+1ak, . . . .
From this we can obtain a descending chain
`R(a) ⊇ `R(a1) ⊇ · · · ⊇ `R(ak) ⊇ · · · .
Note that a ring R satisfies ACC on right annihilators if and only if R satisfies DCC on left
annihilators. Then there exists a positive integer n such that `R(an) = `R(an+1) = · · ·.
Take e = an+1. Then 1 − an+1 ∈ `R(an) = `R(an+1) and so a2n+1 = an+1. Hence e is a
nonzero idempotent in I such that
a = a1a = a2a1a = · · · = an · · · a1a = ean · · · a1a = ea.
Moreover I does not contain any nonzero idempotent orthogonal to e. For, suppose that
there exists a nonzero idempotent f ∈ I such that f e = 0 = e f . Since R satisfies DCC on
left annihilators, we may assume that `R( f ) is a minimal left annihilator with respect to
f ∈ I . Notice that e+ f is a nonzero idempotent in I and 0 6= `R(e+ f ) ⊆ `R( f ). Since
`R( f ) is minimal, `R(e+ f ) = `R( f ). Then 1− f ∈ `R(e+ f ) and hence e = 0, which is
a contradiction. It follows that there are no nonzero idempotents in (1−e)I (1−e). We now
claim that (1−e)I (1−e) = 0. Suppose that (1−e)I (1−e) 6= 0. Let 0 6= b ∈ (1−e)I (1−e).
Since (1 − e)I (1 − e) is an ideal in the left weakly regular ring (1 − e)R(1 − e), we can
find a sequence {bn}∞n=1 ⊆ (1− e)R(1− e) such that
b = b1, b1 = b2b1, . . . , bk = bk+1bk, . . . .
Taking the left annihilators of these elements b and bi in R we obtain a descending chain
`R(b) ⊇ `R(b1) ⊇ · · · ⊇ `R(bk) ⊇ · · · .
Since R satisfies DCC on left annihilators, there exists a positive integer m such that
`R(bm) = `R(bm+1) = · · ·. Take g = bm+1. Then 1 − bm+1 ∈ `R(bm) = `R(bm+1)
and so b2m+1 = bm+1. Hence (1 − e)I (1 − e) has a nonzero idempotent g, which is a
contradiction. Thus (1 − e)I (1 − e) = 0. Since R is left weakly regular, R is semiprime
and so (1− e)I = 0. Thus I = eI . Moreover eR = eI because eR ⊆ I = eI ⊆ eR, and
thus I = eR for e2 = e. We now claim that e is central. Since R is semiprime, I (1−e) = 0
and so I = Re. Thus we have (1− e)Re = (1− e)I = 0 and eR(1− e) = I (1− e) = 0.
Therefore e is a central idempotent. 
Now the proof of Theorem 2.2 is a combination of these two lemmas.
Proof of Theorem 2.2. By Lemma 2.4, every two-sided ideal of R is a ring-direct
summand of R and so R is a direct sum of simple rings by Lemma 2.3. The converse
is obvious by Remark (2). 
Corollary 2.5 ([20, Theorem 17]). Let R be a left nonsingular ring with finite left uniform
dimension. Then R is left weakly regular if and only if R is a direct sum of simple rings.
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Proof. R satisfies ACC on right annihilators by [9, Lemma 1.14] since R is a left
nonsingular ring with finite left uniform dimension. So we can obtain the corollary from
Theorem 2.2. 
The following examples show that each condition of Lemma 2.4 is not superfluous.
Example 1. (1) Let F be a field. Set R = (⊕∞n=1 Fn, 1S) be the F-subalgebra of the direct
product S = ∏∞n=1 Fn generated by the direct sum ⊕∞n=1 Fn and the identity 1S of
S, where Fn = F for all positive integer n. Then R is regular (so weakly regular)
but R has non-stationary ascending chains of annihilators. Notice that the proper ideal
⊕∞n=1 Fn cannot be generated by an idempotent in R.
(2) Let A be an algebra (not necessarily with identity) over a commutative ring S.
The Dorroh extension of A by S is the ring, written by A⊕D S, with operations
(a1, s1)+(a2, s2) = (a1+a2, s1+s2) and (a1, s1)(a2, s2) = (a1a2+s1a2+s2a1, s1s2)
for all ai ∈ A and si ∈ S.
Next consider the first Weyl algebra T = W1[F] over a field F of characteristic zero,
i.e., T = F[x, y] with relation xy− yx = 1, where x, y are indeterminates over F . Letting
A = T x , we have T xT x = T x since T is a simple domain. Let R = A⊕D Z, where Z
is the ring of integers. Then R is a domain by a direct computation. It is obvious that R
satisfies ACC on right annihilators; however, the proper ideal A⊕D 0 cannot be generated
by an idempotent.
The hypothesis “ACC on right annihilators” in Theorem 2.2 is essential by the
following.
Example 2. Let R be the regular ring in Example 1(1), and assume that R = R1 ⊕ R2 ⊕
· · ·⊕ Rn , where Ri is a simple ring for each i = 1, . . . , n. Let 1S = e1+ e2+· · ·+ en with
ei = (ai1 , ai2 , . . .) ∈ Ri for each i . Then there exists e j = (a j1 , a j2 , . . .) ∈ R j such that
e j has infinitely many nonzero components, say that a jl and a jk , with l 6= k, are nonzero
components in e j . Set f1 = (0, 0, . . . , 0, 1, 0, . . .) and f2 = (0, 0, . . . , 0, 1, 0, . . .) be in
R such that f1 and f2 have 1’s in the jl -th and jk-th positions, respectively. Since R j is
a two-sided ideal of R, e j f1 and e j f2 are also contained in R j . But R j is simple and so
R je j f1R j = R j = R je j f2R j , a contradiction. Thus R cannot be a finite direct sum of
simple rings.
3. Some characterizations of weakly regular rings by prime ideals
We consider the connection between generalizations of the von Neumann regularity and
the condition that every strongly prime ideal is maximal. A ring is called reduced if it has
no nonzero nilpotent elements. Due to Birkenmeier et al. [2], a ring R is called 2-primal
if N∗(R) = N (R). Shin [23] proved that a ring R is 2-primal if and only if every minimal
prime ideal of R is completely prime. Hirano [13] used the term N-ring for 2-primal rings,
showing that for an N-ring R, R is strongly pi -regular if and only ifMatn(R) is strongly pi -
regular [13, Theorem 1]. On the other hand, Sun [25] introduced a condition called weakly
symmetric that is equivalent to the 2-primal condition.
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A ring R is called strongly prime if R is prime with no nonzero nil ideals, and an ideal
P of R is called strongly prime if R/P is strongly prime. It is easily checked that maximal
ideals are strongly prime. Note that the upper nilradical N∗(R) of a ring R is the unique
maximal nil ideal of R [22, Proposition 2.6.2], and that
N∗(R) = {a ∈ R | RaR is a nil ideal of R}
= ∩{P | P is a strongly prime ideal of R}
= ∩{P | P is a minimal strongly prime ideal of R}.
Given a ring R it is obvious that N (R) forms an ideal if and only if N∗(R) = N (R) if and
only if R/N∗(R) is a reduced ring. Such a ring is called an NI ring, according to Marks
[18]. 2-primal rings are clearly NI, but the converse need not hold by [4, Example 3.3] or
[18, Example 2.2].
An ideal I of a ring R is called completely prime if a factor ring R/I is a domain, and
I is called completely semiprime if R/I is a reduced ring.
Lemma 3.1. (1) [23, Proposition 1.11] R is a 2-primal ring if and only if every minimal
prime ideal of R is completely prime.
(2) [15, Corollary 13] R is an NI ring if and only if every minimal strongly prime ideal of
R is completely prime.
Lemma 3.2. (1) [3, Lemma 5] If R is a 2-primal ring and R/N∗(R) is right (or left)
weakly pi -regular, then every prime ideal of R is maximal.
(2) If R is an NI ring and R/N∗(R) is right (or left) weakly pi -regular, then every strongly
prime ideal of R is maximal.
Proof. (1) It follows from [3, Lemma 5]. (2) We apply the proof of [3, Lemma 5]. Let P
be a strongly prime ideal of R. Then there is a minimal strongly prime ideal X ⊆ P that
is completely prime by Lemma 3.1(2). Denote R/X by a factor ring R¯, then R¯ is a right
weakly pi -regular domain by hypothesis. Let a be a nonzero element in R¯, then there is a
positive integer k such that ak(y−1) = 0 with y ∈ R¯ak R¯, showing that R¯ is a simple ring.
Thus X is a maximal ideal of R, entailing X = P . The left case is proved symmetrically.

We note the following obtained by [17] and [19].
Lemma 3.3. If S is a completely semiprime ideal of a ring R and x1x2 · · · xn ∈ S, then
xσ(1)xσ(2) · · · xσ(n) ∈ S for any permutation of {1, 2, . . . , n}.
Recall that a ring is called abelian if every idempotent is central. It is well known that
for a regular ring R, R is reduced if and only if R is 2-primal if and only R is NI if and
only if R is abelian. Notice that for a reduced ring, weak regularity, right (resp. left) weak
regularity and right (resp. left) weak pi -regularity are equivalent.
The following is one of our main results, that is an extension of [3, Theorem 8].
Theorem 3.4. Let R be a reduced ring. Then the following conditions are equivalent.
(1) R is weakly regular.
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(2) Every prime ideal of R is maximal.
(3) Every prime factor ring of R is a simple domain.
(4) Every strongly prime ideal of R is maximal.
(5) Every strongly prime factor ring of R is a simple domain.
Proof. (1) ⇒ (2) is obtained by Lemma 3.2(1) since R is reduced (so 2-primal) by
hypothesis. (2) ⇒ (3) and (4) ⇒ (5) are proved by Lemma 3.1 since R is reduced.
(3) ⇒ (2) and (5) ⇒ (4) are obvious.
To prove (4) ⇒ (1), we refer to the proof of [3, Theorem 8]. We suppose that every
strongly prime ideal of R is maximal. In reduced (so NI) rings every minimal strongly
prime ideal is completely prime by Lemma 3.1(2). Since every strongly prime ideal of R is
maximal by hypothesis, it follows that every strongly prime ideal is completely prime. Let
0 6= a ∈ R. If RaR = R then a ∈ a1 ∈ aRaR, so we assume that RaR 6= R. Then RaR
is contained in a maximal (hence strongly prime) ideal. Thus we can consider the union of
all strongly prime ideals, say T , such that each of them contains a. Put S = R \ T . Since
every strongly prime ideal is completely prime, S is a multiplicatively closed subset of R
containing 1. Next let F be the multiplicative monoid generated by the set {a} ∪ S. In this
situation we claim that 0 ∈ F . Assume on the contrary that 0 6∈ F , then we can partially
order the collection of ideals disjoint with F by set inclusion. By Zorn’s lemma, we get
an ideal M which is maximal with respect to the property that it is disjoint with F . Then
M is a strongly prime ideal of R. If not, there is a nonzero nil ideal of a factor ring R/M ,
say N/M . Then N ∩ F 6= 0 by the maximality of M , so we can take 0 6= b ∈ N ∩ F
with b2 ∈ M ; but b2 ∈ F and we have M ∩ F 6= ∅, a contradiction. Therefore M is
a maximal ideal of R by hypothesis. Since a 6∈ M , M + RaR = R and so there are
p ∈ M and c ∈ RaR such that p + c = 1. If p ∈ T , then p is contained in a strongly
prime ideal containing a (so RaR) and thus we get RpR + RaR $ R (so p + c 6= 1),
a contradiction. Thus p 6∈ T and so p ∈ S ⊆ F , which implies p ∈ F ∩ M = ∅, a
contradiction. Eventually we have 0 ∈ F and then 0 = an1s1an2s2 · · · ant st for some si ’s
in S and nonnegative integers ni ’s. In this equality we can suppose that ni ’s are positive by
Lemma 3.3 since R is reduced; hence there exists s ∈ S with as = 0 also by Lemma 3.3
since R is reduced. Notice that a proper ideal cannot contain both a and s; otherwise, a
strongly prime ideal would contain both of them, which contradicts the definitions of S
and T , since maximal ideals are strongly prime. Hence RaR+ RsR = R. Take a0 ∈ RaR
and s0 ∈ RsR such that a0 + s0 = 1. Then aa0 + as0 = a. Now since R is reduced
(equivalently, 0 is a completely semiprime ideal of R), we have aRsR = 0 by Lemma 3.3;
hence as0 = 0 and a = aa0 ∈ aRaR. We next obtain a = a0a ∈ RaRa symmetrically,
using sa = 0 (by Lemma 3.3) and a0a + s0a = a. Therefore R is weakly regular. 
Corollary 3.5. Let R be an NI ring. Then the following conditions are equivalent.
(1) R/N∗(R) is weakly regular.
(2) R/N∗(R) is right (or left) weakly pi -regular.
(3) R/J (R) is right (or left) weakly pi -regular and J (R) is nil.
(4) Every strongly prime ideal of R is maximal.
(5) Every strongly prime factor ring of R is a simple domain.
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Proof. Since R is NI by hypothesis, R/N∗(R) is a reduced ring. Notice that strongly prime
ideals of R coincide with ones of R/N∗(R) by the argument above. Consequently we
obtain the equivalences among (1), (2), (4) and (5) by Theorem 3.4. Since R/N∗(R) is
reduced by hypothesis and J (R) is nil, we have J (R) = N∗(R) and so we get (3) ⇒ (2).
The proof of (2) ⇒ (3) is obtained by the elementary fact that Jacobson radicals of right
or left weakly pi -regular rings are nil. 
The following result is an extension of [3, Corollary 9].
Corollary 3.6. Let R be a 2-primal ring. Then the following conditions are equivalent.
(1) R/N∗(R) is weakly regular.
(2) R/N∗(R) is right (or left) weakly pi -regular.
(3) R/J (R) is right (or left) weakly pi -regular and J (R) is nil.
(4) Every prime ideal of R is maximal.
(5) Every prime factor ring of R is a simple domain.
(6) Every strongly prime ideal of R is maximal.
(7) Every strongly prime factor ring of R is a simple domain.
Proof. We have N∗(R) = N∗(R) = N (R) since R is 2-primal by hypothesis; hence
(strongly) prime ideals of R coincide with (strongly) prime ideals of R/N∗(R) (by the
argument above). Since R/N∗(R) is a reduced ring by hypothesis, we can prove the
equivalences among (1), (2), (4), (5), (6) and (7) by Lemma 3.2 and Theorem 3.4. The
proofs of (2) ⇒ (3) and (3) ⇒ (2) are similar to one of Corollary 3.5. 
The index (of nilpotency) of a nilpotent element x in a ring R is the least positive integer
n such that xn = 0. The index of a subset I of a ring R is the supremum of the indices of
all nilpotent elements in I . If such a supremum is finite, then I is said to be of bounded
index.
In the following we study relations between the strong primeness and the strong pi -
regularity.
Proposition 3.7. Let R be a ring whose prime factor rings are of bounded index. Then the
following conditions are equivalent.
(1) R is strongly pi -regular.
(2) R/N∗(R) is strongly pi -regular.
(3) Every prime factor ring of R is strongly pi -regular.
(4) Every strongly prime factor ring of R is strongly pi -regular.
Proof. It suffices to show (4) ⇒ (1), based on [12, Theorem 2.1]. Assume on the contrary
that R is not strongly pi -regular. Then there is a ∈ R such that aR ⊇ a2R ⊇ · · · or
Ra ⊇ Ra2 ⊇ · · · is non-stationary, say that aR ⊇ a2R ⊇ · · · is non-stationary. Then there
is an ideal I of R such that I is maximal with respect to the property that a¯ R¯ ⊇ a¯2 R¯ ⊇ · · ·
is non-stationary, where a¯ = a + I and R¯ = R/I . By the condition I cannot be strongly
prime; but we can say that I is prime by [12, Theorem 2.1]. By hypothesis R/I has a
finite index, say k. There is a nonzero nil ideal J/I in R/I , and then a¯ R¯ ⊇ a¯2 R¯ ⊇ · · ·
is stationary by the maximality of I , where a¯ = a + J and R¯ = R/J . Thus there is a
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positive integer n such that an − akn+1x ∈ J for some x ∈ R. But J/I is nil and so
(an−akn+1x)k ∈ I . Whence akn−akn+1y ∈ I for some y ∈ R and then a¯ R¯ ⊇ a¯2 R¯ ⊇ · · ·
is stationary, with a¯ = a + I and R¯ = R/I , a contradiction. The proof of the left case is
similar. Therefore R is strongly pi -regular. 
Notice that a 2-primal ring R is strongly pi -regular if and only if so isMatn(R) for any n
[13, Theorem 1]. However Cedo´ and Rowen constructed a strongly pi -regular NI ring over
which 2 by 2 matrix ring is not strongly pi -regular, in [7, Example 1] and [21, Example
2.5].
Corollary 3.8. Let R be an NI ring whose prime factor rings are of bounded index. Then
the following conditions are equivalent.
(1) R is strongly pi -regular.
(2) Matn(R) is strongly pi -regular for any n.
Proof. It suffices to show (1) ⇒ (2). Let R be strongly pi -regular. Since every prime
factor ring of R is of bounded index by hypothesis, it follows from [16, Lemma 5] that
each strongly prime ideal of Matn(R) is of the form Matn(P) for some strongly prime
ideal P of R. Thus each strongly prime factor ring of Matn(R), say
Matn(R)
Matn(P)
∼= Matn( RP ),
is strongly pi -regular by [13, Theorem 1] because R/P is a domain by Corollary 3.5 and
strongly pi -regular. Therefore Matn(R) is strongly pi -regular by Proposition 3.7. 
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